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Theorem 1. Every 3-manifold possesses a C volume- 
preserving flow with no fixed points and no closed trajecto- 
ries. 

The author was motivated to consider Theorem |l] by the re- 
cent discovery of a real analytic counterexample to the Seifert 
conjecture [^; the conjecture states that every flow on has 
either a fixed point or a closed trajectory. However, the con- 
struction presented here is based on the original counterex- 
ample due to Schweitzer JTl] ] and not the new counterexam- 
ple. 

An important property of a volume-preserving flow in 
3 dimensions with no fixed points is that the parallel 1- 
dimensional foliation is transversely symplectic. In particular, 
such a flow on a 3-manifold M can be understood as a Hamil- 
tonian flow coming from a symplectic structure on M x R. 
In this context, the Weinstein conjecture 1 14| provides an in- 
teresting contrast to Theorem |l]. It states that a flow on a 
closed (2n + l)-manifold M which is not only transversely 
symplectic but also contact must have a closed trajectory if 
H^{M, Z) = 0. (A contact form on an (2n + l)-manifold 
is a 1-form lo such that uj A (dw)^" does not vanish; the cor- 
responding contact flow is parallel to the kernel of dio.) In 
particular, Hofer [Q] has recently established the Weinstein 
conjecture for S"^ and his result applies to the category. 
Thus, the flow established by theorem ll| is not contact. 

For most manifolds, although not 5 , Theorem [l| depends 
on the following result. 

Theorem 2. Every 3-manifold possesses a C°° volume- 
preserving flow with no flxed points and a discrete collection 
of closed trajectories, as well as a transversely measured 1- 
dimensional PL foliation with discrete closed leaves. 

Theorem ^ is an extension of the 3-dimensionaI case of 
Wilson's theorem [|l5|, which establishes flows with no fixed 
points and discrete closed trajectories, but without the volume 
preservation condition. Like Wilson's theorem and all known 
counterexamples to the Seifert conjecture. Theorems |l] and ^ 
both use the standard technique of constructing plugs and in- 
serting them into other flows. However, volume preservation 



restricts the behavior of a plug, and in particular a volume- 
preserving plug cannot stop an open set. To work around this 
serious constraint. Theorem |^ uses twisted plugs, which are 
plugs whose insertions into manifolds can change the topol- 
ogy of the manifolds. However, the twisted plugs constructed 
here are only C°° and not real analytic. The generalization of 
Theorem]^ to the real analytic case remains open. 
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1. PRELIMINARIES 

In this paper, we will mainly consider three smoothness cat- 
egories: C for finite r, C°° or smooth, and PL. In many con- 
texts, an object will have implicit smoothness; for example, a 
map between PL manifolds will be assumed to be PL. Unless 
explicitly stated otherwise, all of the arguments assume that 
manifolds are oriented and connected but generalize easily to 
non-orientable and disconnected manifolds. 

The paper will use several different C°° bump functions 
and transition functions. Let h : [0,1] ^ R be a non-negative 
C°° function with support [1/3, 2/3] whose integral is 1 and 
which does not exceed 4. Let B : [0,1] — > R be a non- 
negative C°° function whose value and derivatives vanish at 
and 1 and such that B{x) > b{x) > for < a; < 1. Let 
e : [— 1 , 1] — *■ R be a non-negative C°° function such that: 



e{x) 



= \x\> 2/3 
< 1 |a;| > 1/3 
= 1 \x\< 1/3 
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Finally, let o : [—1,1] — » Rbe a C°° odd, increasing function 
(i.e., o{x) > o(y) if x > y and o{—x) — —o{x)) such that 
0(1) = 1 and all derivatives of vanish at the origin. 



1.1. Foliations and volume-preserving flows 

In a standard mathematical treatment of fluid motion, a vec- 
tor field V in R" represents a static flow, and if the divergence 
equation 

V-w = 



2 



holds, the flow preserves volume. This definition must be 
carefully generalized to flows on manifolds. A smooth mea- 
sure structure on a smooth n-manifold is in general given by a 
smooth, non-vanishing rt-form or volume form. It is a simple 
result that any volume form is equivalent to Lebesgue mea- 
sure by a local diffeomorphism. More interestingly, Moser's 
theorem |Q| states that a compact manifold M with two vol- 
ume forms /ii and fi2 with the same total volume admits a 
diffeomorphism taking /ii to /i2- Given a volume form /i on 
a manifold M, the divergence equation for a tangent vector 
field w on a manifold becomes 

dit-Al^)) = 0, 

where the operator is contraction with v. The closed 
{n — l)-form is a flux form. This formalism is com- 

patible with another view of flows. For M closed, a flow can 
be defined as a smooth group action <!> : R x M ^ M; the 
vector field v is related to the group action <!> by 

^ ~ ~dt' 

It is easy to check that the condition that /i is invariant under 
<I> is equivalent to the divergence equation. 

Since contraction with /i is an invertible linear transforma- 
tion, given a flux form oj, any volume form /i yields a vector 
field V such that 

with the conclusion that v preserves /i. Moreover, the trajec- 
tories of V, that is the curves parallel to v, are determined by 
u!, since uj has a 1 -dimensional kernel at a point of AI where 
it does not vanish, and it is easy to check that v is a non- 
vanishing vector in the kernel at that point. Where uj does 
vanish, v vanishes also. 

A useful special case of the flux form view is n = 2, for 
then a flux form uj is the differential of a possibly multiply- 
valued function /. Dualizing by some area form, the trajec- 
tories of the vector field v obtained from lu = df are simply 
the contours of /. If the manifold AI has a Riemannian metric 
and the volume form is given by the metric, then v can also be 
defined as J{Vf), where J is a rotation by 90 degrees. This 
expression is also validated by the standard identity 

V • J(V/) = 

from 2-dimensional vector calculus. 

If V has no fixed points, its trajectories form a 1- 
dimensional, oriented foliation T of the manifold AI. The 
usual Seifert conjecture can be phrased as a question about 
foliations rather than flows: Is there an oriented 1 -foliation of 
5"* with no closed leaves? In the volume-preserving case, the 
foliation is determined by the flux form uj and otherwise 
does not depend on v or the volume form; T can be defined as 
the unique foliation parallel to the kernel of uj, which is a line 
bundle over AI. Since uj is closed, it determines a (transverse) 
measure on T. A measure on a fc-foliation of an n-manifold is 
in general defined as a measure for every transverse (n — k)- 
disk which is invariant under isotopy of the disk parallel to 



the foliation. In this case, given an (n — l)-disk _D"~ trans- 
versely embedded by a : 13"^^ AI, the measure on D^~^ 
is given by the pullback a*{uj), which is a smooth volume 
form. The measure induced by uj can be called smooth and 
locally Lebesgue just as volume forms are. 

As a point of terminology, if is a foliation of M, AI is the 
support of T. Also, henceforth the term foliation will mean an 
oriented 1 -foliation except where explicitly stated otherwise. 

The simplest important construction with foliations is the 
suspension. (In topology the suspension is called the mapping 
torus and the term suspension is used for a different construc- 
tion). Given a manifold AI and a diffeomorphism a : M ^ 
AI, the suspension is the manifold Af x R foliated by lines 
p X I and quotiented by the relation (p, x) ~ {a{p),x — 1). 
The main properties of the suspension used in this paper are 
that T is measured if a preverses volume of AI and that closed 
leaves of !F correspond to finite orbits of a. Note also that if a 
is isotopic or even pseudoisotopic to the identity, the support 
of J- is diffeomorphic to AI x S^. 



1.2. PL foliations 

Recall that a fc-foliation of an n-manifold is an atlas of 
charts such that each gluing map preserves horizontal fc- 
planes in R". In other words, each gluing map can be written 
as 

9{x)^{9i{x),g2{x),... ,gk{x), 

gk+l{xk+l, ■ ■ ■ ,Xn),--- ,9n{xk_^_i,... ,Xn)). 

A fc-foliation is PL if the gluing maps are PL, smooth if the 
gluing maps are smooth, and has a (locally Lebesgue) mea- 
sure if the transverse part {gk+i, ■ ■ ■ , gn) of each gluing map 
preserves Lebesgue measure on R"~'^. In the smooth case, 
this definition is equivalent to the one in terms of flux forms. 
However, in the PL case, the atlas definition seems to be the 
best substitute for flux forms. Note that suspensions general- 
ize the PL case. 

Similarly, a (locally Lebesgue) measure structure on an n- 
manifold can be defined as an atlas of charts such that the glu- 
ing maps preserve Lebesgue measure on R"; in the smooth 
case such an atlas is equivalent to a volume form. In the PL 
case, such an atlas is an example of a simplicial measure. A 
measure on a PL manifold is simplicial relative to a triangu- 
lation T if on each simplex the measure is given by a linear 
embedding of the simplex in Euclidean space. The follow- 
ing analogue of Moser's theorem demonstrates that simplicial 
measures are the PL analogue of volume forms: 

Theorem 3. Two simplicial measures on a connected, com- 
pact PL n-manifold AI with the same total volume are equiv- 
alent by a PL homeomorphism. Moreover, any simplicial mea- 
sure is locally PL-Lebesgue. 

Proof. Let fii and /i2 be two simplicial measures on AI and 
let T he a triangulation for which both measures are simpli- 
cial. For any pair of simplices Ti and T2 of T that meet at 



Figure 1: Transfer of measure between adjacent simplices 



an n — 1 -dimensional face, there is a family of PL homeo- 
morphisms of Ti U T2 which take measures which are simpli- 
cial on the triangulation {Ti, T2} to other such measures and 
which transfer measure from Ti to T2. Figure |l] shows an ex- 
ample of such a homeomorphism: In the figure, Ti and T2 are 
embedded in such a way that their volumes are proportional to 
their given measure. We retriangulate Ti U T2 with simplices 
Ui, . . . ,Un that share a 1 -dimensional edge. There is then a 
homeomorphism (p which is linear and volume-preserving on 
each simplex Ui such that image is a union of two simplices 
r{ and T2 whose volumes differ from Ti and T2. By identi- 
fying T{ with Ti and with T2, <j) can be understood as a PL 
map that transfers measure from Ti to T2. 

Thus, using PL homemorphisms modelled on (j>, we can 
transfer measure arbitrarily between adjacent simplices of T, 
as long as the measure of each simplex remains positive. Such 
moves clearly suffice to connect any two measures m and /i2: 
By analogy, a connected graph of people, each with a posi- 
tive amount of money, can arbitrarily redistribute their assets 
solely by having adjacent individuals transfer money; more- 
over, the transfers need not drive any individual into debt. 

The PL maps so produced fix the vertices of T, even though 
they are not linear on the simplices of T. To show the second 
claim, let be a measure simplicial relative to T, let a; be a 
point in M, and let j/ be a point in M in the interior of some 
simplex of T. The measure /i is clearly PL-Lebesgue in a 
neighborhood of y. Let /ii — /i, let fi2 — where a 

is a PL homeomorphism of AI that takes y to x, and let U be 
a mutual refinement of T and a{T). The points x and y are 
both vertices of U and fj,i and fj,2 are both simplicial relative 
to U. Applying the above argument, ^ is locally the same at x 
and y, and therefore /x is PL-Lebesgue at x also. □ 



1.3. The C case 

A non-vanishing C vector field on a manifold M yields a 
C foliation (a foliation with gluing maps), which yields 
a C" structure for the manifold, but unfortunately the smooth- 
ness of vector fields on a manifold is only defined up to 
C"^. Similarly, a C manifold with volume-preserving glu- 
ing maps only has a C^^^ volume form. If both structures are 
present, the vector field can be smoothed to C [Q, but usu- 
ally at the expense of crumpling a volume form to C^'^^. 
Alternatively, by arefinement of Moser's theorem a C^'^^ 
plus Holder volume form can be smoothed to C°°, but only 
by a C" plus Holder diffeomorphism which might crumple a 
vector field so that it is only C"^ ~^ plus Holder. 

In this paper, a volume-preserving C flow means a vec- 



tor field which is divergenceless relative to a smooth volume 
form on a smooth manifold. It suffices to consider flux 
forms on smooth manifolds (or at least (7*"+^ manifolds). In 
particular, such a flux form defines a measured C foliation. 
Although a C^' flux form is not exactly the same as such a 
foliation, it is very similar and for some purposes it will be 
convenient to treat it as one. When we need to glue together 
flux forms, we will require that they are smooth in the gluing 
regions, so that in these regions they are equivalent to smooth 
measured foliations. 



Parallel boundary 



Corner separation 

Transverse boundary 



Figure 2: Corner separation 



2. PLUGS 

To define plugs, we must consider a class of manifolds with 
at least some kinds of corners. The smallest convenient such 
class is the class of orthant manifolds. An n-dimensional or- 
thant manifold is a Hausdorff space locally homeomorphic to 
some open subset of the orthant in R" of points with non- 
negative coordinates. In the PL category, an orthant manifold 
is just a manifold with boundary, but in the smooth category, 
the boundary might not be smooth. For example, a parallelop- 
iped is a smooth orthant manifold. 

A foliation can have many different kinds of structure at the 
boundary of an orthant manifold, not to mention the boundary 
of an ordinary manifold with boundary, but to define a plug 
three kinds of boundary structure suffice: parallel boundary, 
transverse boundary, and corner separation between parallel 
and transverse boundary. Figure ^ shows an example of each 
type of boundary. Recall some definitions from reference [^: 
A flow bordism is a foliation P on a compact orthant man- 
ifold P such that dP is entirely transverse boundary, paral- 
lel boundary, or corner separation, and such that all leaves in 
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the parallel boundary of P are finite. If P is a flow bordism, 
let F_ be the (closure of) all transverse boundary oriented in- 
ward, and similarly let be the transverse boundary oriented 
outward. The foliation V might in addition have one or both 
of the following properties: 

(i) There exists an infinite leaf with an endpoint in . 

(ii) There exists a manifold F and homeomorphisms a± : 
F F± such that if aj^ (p) and a_ (g) are endpoints 
of a leaf of P, then p = q. 

If P satisfies property (ii), it has matched ends. The foliation 
is a plug if it has properties (i) and (ii), but only a semi-plug 
if it has property (i) but not property (ii). It is an un-plug if has 
property (ii) but not property (i). The manifold F- is the entry 
region of P, while F-f is the exit region. If P has matched 
ends, then F is the base of P. The entry stopped set of P is 
the set of points of F_ which are endpoints of infinite leaves; 
the exit stopped set 5*+ is defined similarly. If P has matched 



ends, the stopped set S is defined as a_^{S- ) 



:\s+). If 



P has matched ends and S contains an open set, then P stops 
content, i.e., has wandering points in F. 

An important construction due to Wilson jl^ ] turns a semi- 
plug into a plug. If Pi and P2 are two flow bordisms such 
that the exit region of Pi is the same as the entry region of 
P2, their concatenation is a flow bordism obtained by iden- 
tifying trivially foliated neighborhoods of this shared region. 
The mirror image P of & flow bordism P is given by revers- 
ing the orientation of the leaves of P, which has the effect of 
switching the entry and exit regions. The mirror-image con- 
struction is the concatenation of P and "P; it is easy to see that 
the result of this concatenation has matched ends. 

The primary purpose of plugs is the operation of insertion. 
An insertion map for a plug P into a foliation X is an em- 
bedding F ^ X of the base of P which is transverse to 
X. Such an insertion map can be extended to an embedding 
a : F x I ^ X which takes the fiber foliation of F x / to 
X. An n-dimensional plug P is insertible if F admits an em- 
bedding in R" which is transverse to vertical lines. Such an 
embedding is equivalent to a bridge immersion of F in R"^^, 
i.e., an immersion which lifts to an embedding one dimension 
higher. Figure ^ shows a bridge immersion of a punctured 
torus pT; the corresponding embedding of F x / is the one 
that Schweitzer also uses. 




homeomorphism a : Npy^j Np, where Np is a neigh- 
borhood of dP. Moreover, the identification a should satisfy 
a{p,0) = a-{p) and a{p, 1) = a-\-{p). A map a with these 
properties is an attaching map for P. As explained in Refer- 
ence 1^, plugs always possess attaching maps. 

Let a be an insertion map of a plug P into a fohation X 
on a manifold X, and let X be the foliation on the manifold 
X resulting from the insertion of P into X. The plug P is 
untwisted if the attaching map a extends to a homeomorphism 
F X I ^ P, and twisted otherwise. If P is untwisted, then X 
and X are necessarily homeomorphic, while if P is twisted, 
then X and X need not be homeomorphic. This paper will 
use both twisted and untwisted plugs. 

A useful lemma about plugs proved in Reference [^j] is the 
following: 

Lemma 4. A flow bordism with an infinite leaf with non- 
empty entry or exit region is either a plug or a semi-plug. 



2.1. Measured and plugs 

The technique of plugs generalizes without any substantive 
changes to the category of measured foliations, either smooth 
or PL. The base F of a measured plug is measured, but by 
Moser's theorem, the only relevance of this structure is that 
a bridge immersion of F with large volume into a disk with 
small volume is inconvenient, although not strictly impossi- 
ble, if F has large volume. One way to overcome this incon- 
venience is to rescale the transverse measure of the plug to 
make the measure of F small. Note also that a measured plug 
cannot stop content. 

The category of measured, C" foliations is trickier Fol- 
lowing the prescription of subsection 1.3, a measured C" flow 
bordism is realized by a C flux form on a smooth manifold. 
A flow bordism with support P is attachable if the flux form is 
smooth in a neighborhood Np of the boundary, so that the fo- 
liation method can be used to insert it without loss of smooth- 
ness. 

A n-dimensional, measured C semi-plug P with support 
P can always be made attachable by the following method: 
Since the flux form uj is defined over all of P and P bounds 
dP, it is the differential of an (n — 2)-form in a neighbor- 
hood of the boundary Np. Let v' be an {n — 2)-form which 
is a smooth approximation to in a smaller neighborhood of 
dP, agrees with in a neighborhood of F — Np, and is an in- 
terpolation with a smooth bump function in between. In addi- 
tion, choose v' so that dv' has the same parallel and transverse 
boundary at dP as does lo. Then the flux form which is dv' on 
Np and on F — Np yields an attachable semi-plug P' with 
the same leaf structure as P. Furthermore, the mirror-image 
construction applied to P' yields an attachable plug. 



Figure 3: A bridge immersion 

Let Npy.j be an open neighborhood of d{F x /). The next 
step in plug insertion is to remove cr((F x /) — Npy.j) from 
X and glue the open lip cr{Npy.j) to F by a leaf -preserving 



3. ISOLATED CLOSED TRAJECTORIES 

The main construction of the proof of Theorem || is a mea- 
sured, Dehn-twisted plug. Before constructing or even defin- 



ing such a plug, we recall several facts about Dehn twists 
and Dehn surgery: The boundary of a solid torus 5*^ x 
has a distinguished embedded circle, the meridian, which is 
unique up to isotopy and which is identified by the fact that it 
bounds a disk in the solid torus. A framing of a solid torus is 
a homotopy class of another circle in the boundary; the fram- 
ing may or may not equal the meridian. A framing is inte- 
gral if it homologically crosses the meridian exactly once. A 
Dehn surgery on a 3-manifold consists of removing a collec- 
tion of disjoint framed tori and gluing them back in such a 
way that the new meridian circles match the old framing cir- 
cles; the topology of the resulting manifold does not otherwise 
depend on the gluing maps. The Lickorish- Wallace theorem 
| [lC| ] asserts that every closed, oriented 3-manifold can be ob- 
tained from S'^ by integral Dehn surgery, or equivalently every 
closed, oriented 3-manifold can be obtained from every other 
by integral Dehn surgery. In the second formulation, the the- 
orem also holds for non-orientable manifolds. 

Suppose that I? is a plug with base F = x I whose 
support P is homeomorphic to a solid torus x D^. Re- 
call that there is an attaching map a : Npy.j Np be- 
tween neighborhoods of the boundary, and note that the thick- 
ened base F X I is also a solid torus. If p G S^, the curve 
TO = {p} X d{I X /) is a meridian of F x I, while the curve 
I = X {0} X {0} is a convenient standard framing which 
might be called the longitude. Recall that when V is inserted, 
its support P replaces an image of F x / by the attaching map 
a. Therefore if a (to) is a meridian of P, meridian replaces 
meridian, a extends to a homeomorphism a : F x I ^ P, 
and V is untwisted. If, alternatively, the meridian of P re- 
places some other curve of F x I, V can be called Dehn- 
twisted, because its insertion effects a Dehn surgery. In par- 
ticular, if either a{m + I) or a{m — I) (using homological 
notation for other curves besides m and I) is a meridian of P, 
T) is integrally Dehn-twisted. 

An integrally Dehn-twisted plug V, assuming that it exists, 
can be used to construct a foliation on any closed, oriented 
3-manifold with finitely many closed leaves as follows: The 
3-torus possesses a smooth, measured foliation T such that 
all leaves are dense: If is given with periodic coordinates 
9i,62, 03, define T to be parallel to the vector field 
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where ri, r2, and are linearly independent over the ratio- 
nals. Let M be some other 3-manifold, and let i be a link in 
such that some integral surgery on L yields M. If the link 
L is transverse to T, which can always be achieved by isotopy, 
then L can be extended to an insertion map for several copies 
of v. The longitudes of the thickened bases F x I along L 
are determined by T; they can be chosen to be any desired 
integral framing by adding coils to L, as shown in Figure Q 
The framing for the surgery induced by inserting V is then 
given by the formula m ± I above, and this is also an arbitrary 
integral framing on each component of L. 

Non-orientable manifolds can similarly be handled as fol- 
lows: A rotation of a round 2-sphere 5^ by an irrational angle 
descends to a volume-preserving, smooth diffeomorphism of 




Figure 4: Coiling a Dehn-twisted insertion 



the projective plane RP^ with only one periodic point, a fixed 
point. The suspension of this diffeomorphism is therefore a 
measured foliation of KP^ x with one closed leaf. Ev- 
ery other non-orientable, closed 3-manifold can be obtained 
from this one by appropriate insertions of V. An alterna- 
tive approach is to use the wormhole plug defined in subsec- 
tion 3.2 to add a non-orientable handle to a foliated, orientable 



3-manifold. 

In conclusion, the smooth, compact case of Theorem [ 
lows from the following lemma: 



fol- 



Lemma 5. There exists a smooth, measured, integrally Dehn- 
twisted plug T) with two closed leaves. 

Proof. As a warm-up, we construct an untwisted, measured 
plug with two closed leaves. Let F = {{r,0)\l < r < 3} 
be an annulus in the plane given in polar coordinates, but with 
the volume form dr A d0 rather than the form given by the 
embedding in the plane. Consider C = F x 1 , 1] in cylin- 
drical coordinates r, 0, and z. Let / : [1,3] x [—1,1] ^ R be 
given by 

f{r,z) = z2(r-2) + (l-z2)(r-2)3. 

The contours of / are given in Figure |[ The function / has 
one critical point at (2,0), and all contours of / connect the 
top and the bottom, although the ?■ = 2 contour is singular. 
Let be a vector field on C given by 

Ws = J{^.f) + -^. 

Let Ws be the foliation of C which is parallel to W. The 
vector field Ws is divergenceless because both terms are di- 
vergenceless, and therefore Ws is measured. By the geometry 
of /, the leaves of Ws at r 7^ 2 connect the top and the bot- 
tom of C, but the leaves at r = 2 spiral to a closed leaf with 
r — 2 and z = 0. It is easy to check that {8F) x I is par- 
allel boundary of Ws, while F x 81 is transverse boundary. 
In conclusion, Ws is a semi-plug with one closed leaf. The 
mirror-image construction described in section [l| applied to 
Ws yields a plug W with two closed leaves. 

The plug W is necessarily untwisted, because in the nota- 
tion preceding the lemma, the circle a{c) consists of two arcs 
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for the plug V, the two sides of the circle a{c) do not wind 
around the same amount, and a{c) is not a meridian for V, as 
shown in Figure In fact, V is integrally Dehn-twisted. 

The plug V has two annuli of closed leaves. Since the 
stopped set of W is a circle, W can be inserted in such a way 
that all of these closed leaves are broken. The insertion of W 
into V produces the desired plug T) with two closed leaves, as 
desired. □ 

To achieve a measured foliation with very few closed 
leaves, namely two, on an arbitrary compact 3-manifold M, 
we can insert a single copy of W that breaks all closed leaves 
of the foliation of Theorem^ As an alternative to the proof of 
Lemma |], we could equally well insert copies of the plug V 
to effect Dehn surgery on or RP2 X and then use one 
copy of W in the final step. 



Figure 5; Contours of / 



with constant 6, one in the entry region and the other in the 
exit region, connected by two leaves of W. (See Figure ^.) 
By the mirror-image construction, if either leaf winds by some 
angle in YVs, it unwinds by the same angle in the mirror im- 
age VVs, so the two leaves together with the two connecting 
arcs do not wind around the hole of the support of W and 
a{c) is a meridian. 

The main construction is a variant V which is a concatena- 
tion of a semi-plug Vi and the mirror image of another semi- 
plug V2 which is a modification of Vi . Both semi -plugs are 
supported on the space C defined above. The semi-plug V2 is 
parallel to the vector field 



P2 = J{^g) 



d_ 
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where g : [1,3] x [—1,1] ^Ris given by 

g{r, z) = e(z)o(r - 2) + (1 - e(z))(r - 2). 

The function g has zero first derivative on the line segment 
{2} X [—1/3, 1/3], and therefore the foliation V2 has an an- 
nulus of closed leaves {2} x 5^ x [—1/3, 1/3]. The semi-plug 
V\ is parallel to the vector field 



Pi = J(V.g) + (37r6( 



1 + 3z, , , ,9 

-^y(-2)+i)^ 



when z e [—1/3, 1/3] and r > 2, and equals P2 otherwise. 
The coefficient of although complicated, does not involve 

9, so P\ is still a sum of two divergenceless terms. On the 
other hand, a calculation shows that, for an arc of a trajectory 
of Pi with r > 2 and z G [-1/3,1/3], ^ is inhQ^) 

greater than it is for a similar arc in P2, and the integral over 
z of this difference is 27r. In other words, a leaf of V\ with 
r > 2 has the same endpoints as some leaf of V2, but winds in 
the 9 direction by an extra 27r exactly. If we concatenate the 
mirror image of V2 to V\ in the manner of the mirror-image 
construction, the result is that leaves with r > 2 wind an angle 
of 27r while leaves with r < 2 wind an angle of 0. Therefore 



3.1. The PL case 

The foliation T on is also a measured PL foliation. 
An irrational rotation of RP^ can also be realized as an 
area-preserving PL homeomorphism. Therefore the follow- 
ing lemma establishes Theorem]^ by the same reasoning as in 
the smooth case: 

Lemma 6. There exists a PL, measured, integrally Dehn- 
twisted plug T) with two closed leaves. 

Proof. Let P be a compact, PL submanifold of the plane, 
given in coordinates x and y. Let / : P P be a PL home- 
omorphism, and let I be a real number Let C be the foliation 
of P X / such that, for fixed (x, j/) e P and z G R, the set 
{(x, y + Ix^ z)\{x, y + Iz) E R, z ^ 1} is a leaf. Orient the 
leaves in the direction of increasing z. The slanted suspension 
of / with slope I is defined as the space R x I with {x, y, 1) 
identified to {f{x, y), 1), together with the foliation S induced 
by C. The slanted suspension S is manifestly a PL foliation 
also. Moreover, if / preserves area, then S is measured. 

Let T be the trapezoid in the plane with vertices ai = 
(0,0), a2 = (0,2), 04 = (1,1), and 05 = (1,0), and let 
03 = (^, 0), as shown in Figure ^ Let U be the reflection of 
T about the line x ^ ^, and let 6j be the image of under 
this reflection. Let f : T ^ U he the unique PL map which 
sends Oj to bg-i ^i^d is linear on each of the three triangles 
which share the vertex 03. Evidently / is an area-preserving 
PL homeomorphism. Moreover, / decreases the y coordinate 
of a2 the most and increases the y coordinate of 04 the most. 

Let Pi = [—1,1] X [0, 3] be a rectangle consisting of four 
congruent copies of T as shown in Figure ^. We can conjugate 
/ with three isometries of the plane to extend / to an area- 
preserving PL homeomorphism gi : Ri ^ Pi as also indi- 
cated in Figure It is easy to check that the slanted suspen- 
sion Si of gi with slope 1 is a PL analogue of the semi-plug 
Ws', it is a semi -plug that stops a circle and has one closed 
leaf. 

Let P2 be the rectangle Pi union a triangle with vertices 
(0,3), (1,3), and (1,5). Let 52 : P2 -> P2 be a map 



7 




Figure 6: The curves a{c) in W and V 




Figure 7: The map f : T ^ U 







f 















Ri Ri 



Figure 8: The map gi 



pieced together from four copies of /: / itself, its reflec- 
tion (in the sense of conjugation) about the y axis, the rota- 
tion by 180 degrees of that reflection about the point (— ^, |), 
and the image of / under the affine transformation (x, y) > 
{1 — x,5 — 2x — y). The four copies of / determine g2 every- 
where except in the triangle with vertices (0, 2), (3, 1), and 
(3, 3); (72 is defined by g2{x, y) — {x,y + x) on this triangle. 
Figure^ gives a diagram of the map g2- Let V2 be the slanted 
suspension of a2 with slope 1. It is easy to check that 1^2 is a 
semi-plug with one closed leaf as well. 

The goal is to concatenate Si and S2 to produce a plug 
Spi^, but we must be careful to properly match the entry and 
exit regions. Let Fi,± and F2^± be the entry and exit regions 
of Si and ^2; all four are subsets of x [0, 1] with x {0} 
and r2 X {1} identified. Let F = Fi^_ = F2 _, and let tti : 
Fi -|_ F and 112 : ^2,+ F he vertical projections. Note 







f 

















R2 R2 



Figure 9: The map (72 



that TTi and 7:2 preserve transverse measure and that transverse 
measure agrees on Fi,- and ^2^-. The essential property of 
Si and 1S2 is that if p and ir^^^q) are endpoints of a leaf of 

Si, then p and TT2^{q) are the endpoints of another leaf of 
^2 that winds around the suspension direction one extra time. 
Therefore if Si and ^2 are concatenated with the map tt2 o 
TT^^ as a gluing map, the result is an integrally Dehn-twisted 
plug S whose geometry is very similar to that of the plug V 
constructed in the previous subsection. The plug S has two 
closed leaves as desired. □ 



3.2. Non-compact 3-manifolds 

The only extra difficulty in establishing Theorem ^ in the 
non-compact case is that the Lickorish-Wallace theorem does 
not generalize. It is not true, for example, that every open 
3-manifold is obtained from R'^ by Dehn surgery on a locally 
finite link, because any such surgery produces a manifold with 
only one end. (Recall that the set of ends of a manifold is the 
inverse limit of the connected components of complements of 
compact subsets.) On the other hand, the theorem does have 
the following useful generalization 
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Theorem 7. (Generalized Lickorish-Wallace theorem) Given 
two 3-manifolds A and B with a homeomorphism a : dA 
dB there exists a 3-manifold A obtained from A by integral 
Dehn surgery on a link disjoint from OA such that a extends 
to a homeomorphism a : A ^ B. 

Proof. (Sketch) For closed manifolds, the Lickorish-Wallace 
theorem essentially says that any 3-manifold bounds a 4- 
manifold, since an integral Dehn surgery is a Morse recon- 
struction at a critical point of index 2, for 3-manifolds viewed 
as level surfaces of Morse functions on 4-manifolds. Contrari- 
wise, if two 3-manifolds are level surfaces of the same Morse 
function, the Morse stratification produces a Dehn surgery 
connecting them, since any possible Morse reconstruction 
can be reproduced with Dehn surgery. In the case at hand, 
C = AUBU{dAx I)isii closed 3-manifold if dA x {0} is 
identified with dA and dA x {1} is identified with dB using 
a. The manifold C bounds a 4-manifold W; in fact, W is nat- 
urally an orthant manifold if dA x / is positioned to meet A 
and B orthogonally. Choosing a Morse function that is on 
A, 1 on B, and x on dA x { x}, we obtain a sequence of Morse 
moves that connect A to B, which can again be converted to 
Dehn surgeries. □ 



is an inverted square, and both the annulus and its flow might 
be invariant under inversion in a circle in the center of the an- 
nulus. Excepting the two fixed points, it is otherwise a flow 
bordism. Roughly speaking, the 3-dimensional semi-plug Tis 
is parallel to a flow obtained by revolving the 2-dimensional 
analogue about the vertical axis and adding motion in the an- 
gular direction to turn the fixed points into a closed trajectory. 




z 



Figure 10: A 2-dimensional wormhole 



Lemma 8. Every non-compact, orientable 3-manifold M can 
be realied by a Dehn surgery on a locally finite link in an 
infinite collection of spheres with connecting handles. 

Proof. Let M be a non-compact 3-manifold. Consider a lo- 
cally finite collection of embedded surfaces in M which sep- 
arate AI into compact 3-manifolds Mi, AI2, ■ ■ ■ with bound- 
ary. Let 5*1, 5*2, . . . be a collection of 3-spheres, and connect 
Si to Sj by a handle (in the sense of connected sums) for each 
connected component of Mj n Mj. The resulting manifold P 
is tiled by punctured 3-spheres Pi,P2, . . . with the property 
that Pi n Pj consists of n 2-spheres if 7\/j n Mj has n con- 
nected components. By attaching handles to these 2-spheres, 
we can obtain a new tiling P[, P2, . . . such that P^ n Pj is 
homeomorphic to il/j n Mj . Applying Theorem ^ to P, there 
exists a finite surgery in each P^ that yields A/j. The union of 
all such surgeries is a locally finite surgery on P that yields 
M. □ 

Given Lemma || Theorem ^ is established with the aid of 
a volume-preserving, twisted plug Ti with base 11 and 
with support (D^ x I)=ff{D'^ x /). In particular, the base of 
TC is not connected, but the support is; Ti is therefore a worm- 
hole plug. The insertion of H into a foliation of a disconnected 
manifold effects a connected sum between two different com- 
ponents of the manifold. 

Lemma 9. There exists a smooth, measured plug Ti with base 
D'^UD'^ and support (D^ x I)ij={D'^ x /). 

Proof. The first step in constructing Ti is to construct a semi- 
plug Tis with the same support. Figure [l^ shows a flow which 
is a 2-dimensional analogue of the desired semi-plug: It is a 
flow in an orthant manifold which is homeomorphic to an an- 
nulus. The outside boundary is a square, the inside boundary 



Explicitly, parameterize R'^ by Cartesian coordinates x, y, 
and z, and let C be the cylinder given by x^ -\- , < 16. 
Let Lo — dx f\ dy a. flux form on C; the parallel foliation is 
simply parallel vertical line segments. Let a : R"' — * R'^ be 
given by 

a[x, y, z) = 1 + o , \ , — 2 

Define Tig to be the foliation parallel to the flux form 

a* (lo) + xdx Adz + ydy A dz 

on the domain q:^^(C). The foliation Tis has all of the 
claimed properties. 

The mirror-image construction applied to Tis produces a 
plug Tim whose support Hm consists of two cubes connected 
by two handles, rather than the desired two cubes connected 
by one handle. However, the manifold Hm can be written as 

Hm - X I)#{D^ X I)#{S^ X S^). 

Since there exists a Dehn surgery on 52 X that yields S^, 
there is a way to insert copies of the Dehn-twisted plug T) into 
Tim to produce a plug with support (D^ x I)^(D'^ x /). This 
plug is H. □ 

A PL analogue of TC also exists; the details are omitted. 

4. NO CLOSED TRAJECTORIES 

Since the construction of the proof theorem |l| is a modifica- 
tion of a Schweitzer plug, we begin with a brief review of that 
example. 
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4.1. Schweitzer's construction 

If a and 6 7^ are real numbers, let a mod b be the corre- 
sponding element in the circle R/bZ. Let r be an irrational 
real number Let 

w{x) — — ^tan^"'^(x + 1) — tan~"'^(a;)^ 

and consider a sequence of open intervals of length |/„ | = 
w{n) placed on the unit circle in the same order as n mod r. 
More specifically, let 



In = {a-n mod 1, 



j{n) mod 1) C R/Z = S^, 



where 



a„ = ^ w{k). 

A::fcmodTS[0,nmodT) 

Since the total length of the /^'s is exactly 1, they are dense in 
but they do not intersect each other. Because of the order- 
ing of the /„'s, there exists a homeomorphism a : ^ 
such that a{In) = In+l- The map a is a Denjoy homeomor- 
phism. It is realized as a diffeomorphism if its derivative 
of on In is defined to be 



da ^ 
dx 



l^n+l|-|/n| 



where Ln : In [0, 1] is a linear isomorphism, for those n 
such that 4|/„-|_i| > 3|Jn|. For the finite number of n such 
that this inequality fails, let a be any diffeomorphism from 
to In+i with derivative 1 at the endpoints. The derivative of 
a is 1 outside of the /n 's, and since 



lim 

n— >±oo 



I/, 



n+l| 



0, 



the derivative is continuous. The map a has no periodic orbits 
and has a unique minimal set, namely — 1J„ In- 

Let T) be the suspension of a and let T be its support. The 
manifold T, which is a torus because a preserves orientation, 
is a priori only a manifold, but it has a smooth refinement 
such that V is parallel to a vector field D. Let m be the 
subset of T which is the suspension of the minimal set — 
lj„/n,; rn is the minimal set of T>. The set to is a Denjoy 
continuum. 

Consider the manifold T x [—1,1] with the [—1,1] factor 
parameterized by z. Let / be a non-negative, non-zero 
function on T which vanishes on to. Consider a vector field 
E given by the formula: 

az oz 

By inspection of E, the parallel foliation E has no closed 
leaves, because all leaves either travel in the positive z direc- 
tion or coincide with leaves of 2? on T x {0}. Moreover, E has 
infinite leaves contained in its minimal set m x {0}. There- 
fore, by lemma ^ £" is a semi -plug whose base is a torus. The 



mirror-image construction applied to E yields a plug T which 
also has no closed leaves and has the same base. We identify 
the support of T with T. 

Since the torus has no boundary, T is not insertible. How- 
ever, T also possesses a leaf / with two endpoints; we can take 
I to be the extension of the leaf in E containing (p, 0), where 
p G T satisfies /(p) > 0. The leaf / has a foliated tubular 
neighborhood Ni consisting entirely of leaves with two end- 
points. The restriction 5 of to T x / — iV; is therefore a 
plug with base pT, a punctured torus. Since I is unknotted 
(which follows from the fact that E is non-negative in the z 
direction, and, by the mirror image construction, the leaves in 
Ni do not twist around l), S is an untwisted plug. Following 
Section [l|, copies of S can be inserted to break any discrete 
collection of closed leaves in a foliation. Indeed, as discussed 
in the appendix, a 3 -dimensional plug with a twisted or knot- 
ted leaf neighborhood removed can nevertheless be extended 
to an untwisted, insertible plug. The existence of the plug S 
together with Wilson's theorem (or its variant in Section ^ es- 
tablishes a counterexample to the usual Seifert conjecture for 
all 3-manifolds [[!). 



4.2. Preserving volume 

The difficulty in making Schweitzer's construction volume- 
preserving is the fact that T> does not possess a transverse 
measure in the sense of Section |l|. Such a measure would 
induce an a-invariant measure p on the circle which is locally 
equivalent to Lebesgue measure. By compactness, the total p- 
measure of the circle would be finite, but the /„'s would have 
equal and non-zero measure, a contradiction. In other words, 
any homeomorphism of conjugate to a has the inevitable 
effect of squeezing In as n goes to 00 and stretching /„ as n 
comes from —00. Our strategy for overcoming this difficulty 
is to compensate squeezing of by stretching in the z direc- 
tion. This transverse stretching must be sufficiently slight that 
there is no net motion in the negative z direction. 

Finding a suitable amount of transverse stretching is the dif- 
ficult part of Theorem |l] because it is bounded both above and 
below by different constraints in the construction. One par- 
ticular problem is that, if the rotation number r of the Den- 
joy homeomorphism a is approximated too closely by ratio- 
nals, orbits of rotation by r are too unevenly distributed for the 
construction to work. Although any irrational number whose 
continued fraction expansion has bounded coefficients would 

work in principle, we let r = ^-^^^ be the golden ratio for 
simplicity. In any case, the construction requires some in- 
volved if elementary Diophantine estimates. For convenience, 
the presence of the constant C in an equation will mean that 
there exists a real number C > such that the equation holds. 
Although C is independent of all variables, it may have a dif- 
ferent value in different equations, or even in different sides 
of the same equation. 

The first step is to construct the Denjoy foliation, or at 
least its minimal set, in such a way that the underlying torus 
has a convenient measure. Consider the cylinder 5*^ x R 
parametrized by Q and 0. Let Sn C S'^ x R be a se- 
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quence of infinite cylindrical strips such that the intersection 
Sn n {S^ X {0}) has length w{n — 0) and such that the S^'s 
have the same ordering. Explicitly, let /„ ^ C 5*^ x {0} be 
the open interval given by 

In,(f> = {an,(f> mod 1, a„_<^ + w{n - (p) mod 1) 

C 5^ X R = R/Z X R, 

where 

A;modT£[0,nmodr) 

and let Sn be the union of all intervals In,x- Let cr : S*^ x R ^ 
5^ X R be the homeomorphism given by 

a{9,^) = (0 + ai,0+i,0+l). 

The map a is smooth, preserves area on x R, and sends Sn 
to Sn+i- The quotient T of S*^ x R by cr has an open strip S 
which is the image of each Sn under the quotient map, and the 
volume form dd A d(j) descends to a form /i on T. The com- 
plement TO of 5 in T is clearly a Denjoy continuum. In fact, 
by this definition, the pair {T, to) is a n explicit smooth refine- 
ment of the objects of subsection [4. 1| with the same name. 

Consider S^ x R x [—1,1] with the third coordinate pa- 
rameterized by z and with measure ji Adz. The next step is 
to define vector fields h and v on 5^ X R X [-1,1] with the 
following properties: 

(i) They are both invariant under a x id and therefore de- 
scend to T X [-1, 1]. 

(ii) They are both divergenceless vector fields (relative 

to d9 A d(p A dz or fi A dz) whose cj) components vanish. 

(iii) The vector field h+ is parallel to to x {0}. On the 
other hand, v vanishes on to x {0}. 

(iv) The z component of v is positive except on to x {0} 
and exceeds the absolute value of the z component of 
h. 

Assuming for the moment the existence of v and h, the tra- 



for 9 G In (h ^nd elsewhere. Define h and w by the equations 



h 



d 



have the same 



jectories of the vector field E' = v ^ n ^ -g^ 

geometry as those of E; moreover E' is divergenceless. Fol- 
lowing the rest of Schweitzer's construction and the formal- 
ism of Section H, the flux form given by E' yields a measured 
plug, which establishes Theorem |l} 
We temporarily fix a value of (f) and work in the coordi- 
nates and z with the measure dO A dz. Let w' [x) denote the 
derivative of w{x). Let 



f{e) 



w'{n — (j)) 
win — (j)) 



for 9 G and elsewhere, where 



n,4> 



[0, 1] is a 



direction preserving linear isomorphism. Let 

F{9)^w{n~cPf/^B{L^^^{9)) 



'-n,4> 

H(9,z) 
V{9,z) 
h 



^ Je-z Jo 

(J r9+5z r9i 

^ Je-5z Jo 



f{92)d92d9i 
F{92)d92d9i 



(1) 
(2) 



= Ji^V) = (- 



dV_ 

dz' 89' 



extended to z = by continuity. 

Except for continuity, properties (i), (ii), and (iii) are 
routine. The fact that h is follows from continuity of 
H, which is immediate from the continuity of /. The func- 
tion F is as follows: The derivative exists on each /„ 

and it extends continuously to a function F : Si ^ which 
is zero outside of the In,^'^ (check). We claim that F is the 
antiderivative of F. It could only disagree with the antideriva- 
tive if it were discontinuous or if the set F{Si — 1J„ In,(f>) had 
non-zero Lebesgue measure, and neither of these is the case. 
Since F is C^, is everywhere except where z = 0; at 
such points V is by L'Hospital's rule. Therefore v is 
also. 

Property (iv) is the heart of the matter, and we prove it with 
a sequence of lemmas. If a, 6 S R/rZ, let Z{a, b) be the set 
of all integers n such that n mod r S (a, 5), and let d{a, b) be 
the distance from a to 6 on the circle R/rZ. Here the notation 
(a, b) denotes an interval (a, b) whose endpoints are a and b 
and which is oriented from a to 6 in the natural orientation of 
the circle. 

Lemma 10. Let Fn be the nth Fibonacci number, with Fq = 
Fi^l and Fn+2 = Fn+1 + Fn- Then 

d{Fn mod r,0) r~". 

Moreover, F2n mod t and -F2n+1 mod r converge to from 
opposite sides. 

Proof. By induction and applying the identity = r — 1, 
we have 

F2n mod T = [F2n~l + F2n-2) mod r 



-(2n-l) 



(r-l) = 



-2n 



and 



T - Fln^X mod r = r - (F2n + -Pjn-l) mod r 
= r-(T-2"-r-(2"-l)+r) 

= r-2"(r-l) = r-(2"+l). 



□ 



11 



Lemma 11. IfO < p < En, then 

d{Fn mod T, 0) < d{p mod r, 0). 

Proof. Applying the identity = t — 1 inductively to t~" 
yields 

T-"-(-l)"(i^n-Fn-ir). 

Hence, the lemma can be rephrased as 

\Fn -rFn^il < \p-Tq\, 

for some integer q. The proof follows now from Theorem 182 
of Hardy and Wright [|lj, since the ratios are the partial 
evaluations of the continued fraction expansion 

Lemma 12. Let ni and ni + ki be a pair of consecutive ele- 
ments in Z(a, b), and let n2 and n2 + k2 be another such pair 
Then ki < Ck2. 

Proof. The case in which (a, b) is more than half of the cir- 
cle R/rZ is trivial. In the non-trivial case, d{a,b) is the 
length of the interval (a, b). Choose the largest n such that 
d{Fn mod r, 0) > d{a, h). Since ki mod r < (i(a, 6), it fol- 
lows that fci > Fji by Lemma |ll]. On the other hand, by 
Lemma since d{Fn-\-i mod r, 0) < d{a, 6), d{Fn+'i mod 
r, 0) < d(a, 6)/2 and d(F„+4 mod T, 0) < cf(a, 5) /2 also, 
and i^„-|-3 mod r and i^„+4 mod r are on opposite sides of 
0. At least one of ki + mod r and ki + Fn+A mod r 
is in (a, 6), since fci mod r is at least d{a, 6)/2 away from 
one endpoint of (a, 6). Therefore Fn < ki < F^+a, and 
since F„+4 < CFn and all arguments also apply to k2, the 



conclusion follows. 



Lemma 13. IfO ^ Z{a, b), then 



□ 



n(^Z(a,b) 



T — 

neZ{a,b) ' ' 
neZ(a,fe) 



Proof. Let fc be the element of Z{a, b) with the least absolute 
value, and assume without loss of generality that fc > 0. By 
Lemma the minimum gap between elements of Z{a, b) is 
at least Ck. It follows that 



E 



neZ{a,b) 

Therefore, 



E ■ 

neZ{a,b) 



1 ^ 1 

"2 - (k + nCk)^ 



n=0 



oo 
n=0 



C_ 
fc2- 



E 

neZ{a,b) 



neZ{a,b) 



n&Z{a,b) 



□ 



Corollary 14. For any a, b, and (f>, 



E 

neZ{a,b) 



Proof. The case G Z{a, b) is trivial; suppose that ^ 
Z{a,b). Without loss of generality, < < 1, and with 
this restriction, 

^ ^ ^^ ^ 
—;j > win ~ <p) > — 



n 



The inequality renders the corollary equivalent to Lemma |13[ 

□ 



Ih 
I 1 



H I, 



H I 1 



n2:<l> 



Figure 11: Bounding the length of ly 



Lemma 15. If ni and n2 are distinct integers, there exists an 
integer such that mod r G [ni mod r, n2 mod t) ant/ 



InsI < Cmax(|ni|, \n2\) 



Lemma |T5| is a corollary of Lemmas |l^ and [TT] in the same 
way as Lemma is. 

Corollary 16. Ifni and n2 are distinct integers, then the in- 
tervals Ini,(ji ond Ij^^^^ satisfy 



Proof. Combining the estimate 

—2 > 'W[n - 



> 



C 



with Lemma 15, there exists an 713 such that ^ lies be 



tween Ini,4, ^"'^ -^n2,(f> ^^'^ svich that 



w(n3 — (p) > C min(?i;(ni — 0), w{n2 ~ (f))- 

Since the length of /„ ^ is w{n — (f), the lemma follows from 
the fact that /rii,</) and In2,<j> are sufficiently far apart to make 



room for In.i,.(j>- 



□ 
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Figure 12: Isotopy of a plug insertion 



To establish property (iv), expand v and h as 



d 



d 



r . ^ ^ ^ 
oO oz 

It suffices to show that >\hz \ when z ^ 0. Once again fix 
4>, and note from equations |l] and || that these two quantities 
are given by 



1 
2 

a 



fiOi)d0i 



e+5z 



F{ei)dei 



z Je-bz 

The absolute value \hz \ is also bounded by 



^abs — n 



' + 2 



1/(^1)1^^1. 



Let Iv — [0 ~ 5z, 6 + 5z] be the domain of integration for Vz, 
and similarly let //^ — [6 — z,6 + z]. One possibility is that 
Ih is a subset of some In,<j)- In this case, the inequalities 



z < \L 



n,4> 



B{x) > b{x) 



Cw{n - 0)3/2 

together imply that ^2 > /labs- 

Alternatively, suppose that Ij^ does not lie in a single /„ 0. 
Let /(, be the closure of the union of all /„ (^'s which are con- 
tained in Iv Since I^ is the middle fifth of Iv, and since the 
integrand of /i^bs is only non-zero in the middle third of an 
interval /„ a,, the integrand of /i^bs is zero in the region in 



I.e.. 



Khs < / 1/(^1) M^^i. 



(3) 



The region Iv ~ I'v in general consists of a subinterval of some 
interval Im,^ on one side and a subinterval of some other in- 
terval /„2 on the other side. By hypothesis, /(, contains at 



least one point in which is the middle fifth of Iv, and there- 
fore if |/(,| < C\Iv I ~ Cz, then the intervals I^^ a, and /, 



both have length at least Cz. (See Figure 11 ) It follows by 
Corollary 111 that |/(,| > Cz and that 



"■2,' 



\^v\ J I' 



(4) 



IS 



In the main case, the set Zv of all n such that /„ ^ C I'v 
exactly a Z{a, b). In this case, the right sides of equations ^ 
and ^ are related by Corollary [ij, which demonstrates that 
Vz > /iabs' ^s desired. The alternative possibilities are that 
a = Ua mod r or that b — Ufy mod r and that Zv is Z(a, fe) 
union {ua} or {n;,} or both; these exceptional cases can be 
treated in the same way as the main case. 




Figure 13: A plug with a knotted hole 



5. APPENDIX: PLUGS WITH KNOTTED HOLES 

The Schweitzer construction and its modifications here and 
in the work of Harrison [||] suggest but do not depend on the 
following question: Suppose that T-" is a plug whose base is a 
closed, oriented surface and suppose that V has a knotted leaf 
with two endpoints. Let iV^ be a foliated tubular neighborhood 
of / and let Vi be P with Ni removed. Since Vi is twisted. 
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can it be inserted into a foliation of M without changing the 
topology of A/? 

In Harrison's construction, the base of P is a torus and, 
moreover, 7^ is a slanted suspension (in the category) of 
a homeomorphism of an annulus, made into a plug with the 
mirror-image construction. In this case, following Harrison, 
there exists a finite cover of V such that a lift of I is neces- 
sarily unknotted, and by the mirror-image construction Ni is 
necessarily untwisted. 

Taking the general case, suppose that the base of V is S\ the 
base of Vi is therefore p5, or S with one puncture. Let Pi be 
the support of Vi- Consider Schweitzer's insertion of Vi into 
the un-plug with base a disk in Figure If Vi were an 



untwisted plug, its insertion would be realized by an embed- 
ding a of pS X / which is a thickening of the insertion map for 
the base. Ignoring the vertical foliation on x /, this em- 
bedding is isotopic to the standard embedding of the closed 
surface S, punctured and thickened, as shown in Figure 
and Figure |ljc. The complement (Z?^ x I) — a{pS x /) is 
topologically the exterior of a solid torus connected by a han- 
dle to a solid torus. Recognizing Pi as S x I with a knotted 
hole, it admits an embedding (3 in x / whose complement 
is homeomorphic to the compement of a{pS x /), as shown in 
Figure |l3[ Since the complements are the same, the insertion 
of Vi does not change the topology of x I even thought 
Vl is twisted. 
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